In this paper we present another notion of a smooth manifold with corners and relate it to the commonly used concept in the literature. Afterwards we introduce complex manifolds with corners show that if M is a compact (respectively complex) manifold with corners and K is a smooth (respectively complex) Lie group, then
I Introduction
We introduce the notion of a smooth manifold with corners, which is an extension of the existing notion of smooth manifolds with corners or boundary for the finite-dimensional case (cf. [Lee03] or [Mic80,  Chapter 2]). The notation presented here is the appropriate notion for a treatment of mapping spaces and Whitney's extension theorem [Whi34] implies that for finite-dimensional smooth manifolds our definition coincides with the one given in [Lee03] . We give an alternative proof of a similar statement by elementary methods from real Analysis (cf. also [KM97, Theorem 22 .17] and [KM97, Proposition 24.10]).
Afterwards we introduce complex manifolds with corners and show several properties of the spaces C ∞ (M, K) and C ∞ (M, K). Eventually it turns out that these mapping spaces are smooth (respectively complex) Lie groups. This is in particular interesting since it seems to be the only way to put a complex or even smooth structure onto spaces of holomorphic mappings since very elementary results for the non-boundary case imply that compactly supported holomorphic maps are constant. With the results of this paper a topological treatment of spaces like C ∞ (M, K) for non-compact M becomes possible by inductive limit methods.
II Notions of Differential Calculus
In this section we present the elementary notions of differential calculus on locally convex spaces and for not necessarily open domains.
Definition II.1. Let E and F be a locally convex spaces and U ⊆ E be open. Then f : U → F is continuously differentiable or C 1 if it is continuous, for each v ∈ E the differential quotient df (x).v := lim h→0 f (x + hv) − f (x) h exists and if the map df : U × E → F is continuous. If n > 1 we inductively define f to be C n if it is C n−1 and d n−1 f is C 1 and to be C ∞ or smooth if it is C n for all n ∈ AE. We denote the corresponding set of maps by C 1 (U, E), C n (U, E) and C ∞ (U, E). This is the notion of differentiability used in [Glö02b] and it will be the notion throughout this paper.
If E and F are complex vector spaces, then f is called holomorphic if it is C 1 and the map df (x) : E → F is complex linear for all x ∈ U (cf. [Mil83, p.1027] [KM97] . Again let E and F be locally convex spaces. A curve f : Ê → E is called smooth if it is smooth in the sense of Definition II.1. Then the c ∞ -topology on E is the final topology induced from all smooth curves f ∈ C ∞ (Ê, E). If E is a Fréchet space, then the c ∞ -topology is again a locally convex vector topology which coincides with the original topology Definition II.4. Let E and F be a locally convex space, and let U ⊆ E be a set with dense interior. We say that a map f : U → F is C 1 if it is continuous, f int := f | int(U) is C 1 and the map d(f int ) extends to a continuous map on U × E, which is called the differential df of f . If n > 1 we inductively define f to be C n if if is C 1 and df is C n−1 for n > 1. We say that f is
Hence the higher differentials d n f are defined to be the continuous extensions of the differentials d n (f int ) and thus we have that a map f : U → F is smooth if and only if 
In particular it follows that g • f is smooth if g and f are so.
Definition II.7. (cf. [Lee03] for the finite-dimensional case) Let E be a locally convex space, λ 1 , . . . , λ n be continuous functionals and
+ is a differential structure on M of co-dimension n if ∪ i∈I U i = M and for each pair of charts ϕ i and ϕ j with U i ∩ U j = ∅ we have that the coordinate change
is smooth in the sense of Definition II.4. Two differential structures are called compatible if their union is again a differential structure, a maximal differential structure with respect to compatibility is called an atlas and M together with an atlas is called a smooth manifold with corners of co-dimension n.
Remark II.8. Note that the previous definition of a smooth manifold with corners coincides for E = Ê n with the one given in [Lee03] and in the case of co-dimension 1 and a Banach space E with the definition of a manifold with boundary in [Lan99] , but our notion of smoothness differs. In both cases a map f defined on a non-open subset U ⊆ E is said to be smooth if for each point x ∈ U there exists an open neighbourhood V x ⊆ E of x and a smooth map f x defined on V x with f = f x on U ∩ V x . However, it will turn out that for finite-dimensional smooth manifolds with corners the two notions coincide.
Lemma II.9. If M is a smooth manifold with corners modelled on the locally convex space E and ϕ i and ϕ j are two charts with
. Then λ i (α(x)) = 0 for some i ∈ {1, . . . , n} and thus there exists an v ∈ E such that α(
, contradicting the surjectivity of dα(x).
Remark II.10. The preceding Lemma shows that the points of int(E + ) are invariant under coordinate changes and thus the interior int(M ) = i∈I ϕ −1
Definition II.11. A map f : M → N between smooth manifolds with corners is said to be C n , respectively smooth, if f (int(M )) ⊆ int(N ) and the corresponding coordinate representation
is C n respectively smooth for each pair ϕ i and ϕ j of charts on M and N . We again denote the corresponding spaces of mappings by C n (M, N ) and
Remark II.12. For a map f to be smooth it suffices to check that
and is smooth in the sense of Definition II.4. for each m ∈ M and an arbitrary pair of charts ϕ : U → E + and ψ : V → F + around m and f (m) due to Lemma II.6 and Lemma II.9.
Definition II.13. If M is a smooth manifold with corners and differentiable structure (U i , ϕ i ) i∈I , which is modelled on the locally convex space E, then the tangent space in m ∈ M is defined to be T M m := (E × I m ) / ∼, where
Remark II.14. Note that the tangent spaces T m M are isomorphic for all m ∈ M , including the boundary points.
Proposition II.15. The tangent bundle T M is a smooth manifold with corners and the map π :
Proof. Fix a differentiable structure (U i , ϕ i ) i∈I on M . Then each U i is a smooth manifold with corners with respect to the differential structure (U i , ϕ i ) on U i . We endow each T U i with the topology induced from the mappings
and endow T M with the topology making each map 
is well-defined and C n−1 .
Definition II.17. If M is a smooth manifold with corners, then for n ∈ AE 0 the higher tangent bundles T n M are the inductively defined smooth manifolds with corners T 0 M := M and
If N is a smooth manifold with corners and f : M → N is C n , then the higher tangent maps T m f :
Corollary II.18. If M , N and O are smooth manifolds with corners and f : M → N and 
III Extensions of Smooth Maps
This section draws on a suggestion by Helge Remark III.1. If M is a smooth manifold with corners, we endow C ∞ (M, F ) with the topology making the canonical map
. This is a locally convex vector topology on C ∞ (M, F ) and it is complete whenever C ∞ (int(M ), F ) is complete. Hence it is a Fréchet space if M is a second countable finitedimensional smooth manifold with corners and F is a Fréchet space. Note that this is not immediate if one uses the notion of smoothness on M from [Lee03] or [Lan99] . 
If, moreover, E ′ is finite-dimensional, then this map is a linear isomorphism.
Proof. First we check that f ∧ actually is an element of
, F ) due to the Cartesian closedness principle for int(U ) and int(U ′ ). Since d n f extends continuously to the boundary so does
. With Remark II.5, the smoothness of f ∧ follows in the same way as the continuity.
It is immediate that
∧ is linear and injective. If E ′ is finite-dimensional, then surjectivity follows directly from the the Cartesian closedness principle for E and E ′ and
Lemma III.5. If E is a locally convex space and (f n ) n∈AE0 is a sequence in C 1 (Ê, E) such that (f ′ n ) n∈AE0 converges uniformly on compact subsets to somef ∈ C(Ê, E), then (f n ) converges to some f ∈ C 1 (Ê, E) with f ′ =f .
Proof. This can be proved as in the case
Lemma III.6. Let F be a Fréchet space. If (v n ) n∈AE0 is an arbitrary sequence in F , then there exists an f ∈ C ∞ (Ê, F ) such that f . Since ξ k is compactly supported, there exists for each n ∈ AE an element M n,k ∈ Ê such that | ξ k (n) (x)| ≤ M n,k for all x ∈ Ê. Now let (p m ) m∈AE be a sequence of seminorms defining the topology on F with p 1 ≤ p 2 ≤ . . .. We now choose c k > 1 such that 
We show that f := lim m→∞ f m has the desired properties. If ε > 0 and l ∈ AE we let m ε,l > l be such that 2 −m ε,l < ε. Thus
for all m > m ε,l and n < l. It follows for n < l that f (n) m converges uniformly to some f n ∈ C ∞ (Ê, F ) and the preceding lemma implies (f n−1 ) ′ = f n , whence f (n) = f n . Since l was chosen arbitrarily if follows that f is smooth. Since we may also interchange differentiation and the limit by the preceding lemma and since c k ξ(c k · ) equals the identity on a zero neighbourhood we thus have
Proof. (cf. [KM97, Proposition 24.10]) For n ∈ AE 0 set v n := f (n) (0) and w n := f (n) (1).
Then the preceding lemma yields
defines a function on Ê which has continuous differentials of arbitrary order and hence is smooth.
Proof. First we note that the Cartesian closedness principle holds in this context due to Remark III.3 and Proposition III.4. Set f 0 := f . Using Proposition III.4 we can view f 0 as an element
which we can extend to an element of
, E by Corollary III.7 and Remark III.1. This can again be seen as an element
n−1 , E . In the same manner we obtain a map
extending f 1 as well as f 0 . Iterating this procedure for each argument results in a mapf := f n which extends each f i and so it extends f 0 = f . 
Proof. For each m ∈ ∂L∩L there exists a set L m which is open in M and a chart ϕ m :
Then there exists a cube
where
(actually C m is contained in Ê n + and shares the i-th "boundary-face" with Ê
n . The diffeomorphism is defined by multiplication and addition and extends to a diffeomorphism of Ê 
IV Spaces of Mappings
In this section we prove several results on mapping spaces like C ∞ (M, K) or C ∞ (M, K). Since many proofs carry over from the non-boundary case, we provide here only the necessary changes to the statements and extensions to [Glö02b, .
Definition IV.1. If E and F are locally convex complex vector spaces, U ⊆ E has dense interior, then a smooth map f : U → F is called holomorphic if f int is holomorphic, i.e. that df int (x) : E → F is complex linear (cf. [Mil83, p. 1027] ). We denote the space of all holomorphic functions on U by C ∞ (U, F ).
Remark IV.2. Note that in the above setting df (x) is complex linear for all x ∈ U due to the continuity of the extension of df int .
Definition IV.3. A smooth manifold with corners is called a complex manifold with corners if it is modelled on a complex vector space E and the coordinate changes in Definition II.7 are holomorphic. A map smooth f : M → N between complex manifolds with corners is said to be holomorphic if and for each pair of charts on M and N the corresponding coordinate representation is holomorphic (cf. Definition II.11). We denote the space of holomorphic mappings from
Remark IV.4. If M is a complex manifold with corners and F is a locally convex complex vector space, then C ∞ (M, F ) is a closed subspace of C ∞ (M, F ) since the requirement on df (x) being complex linear is a closed condition as an equational requirement on df (x) in the topology defined in Remark III.1.
Lemma IV.5. If M is a finite-dimensional smooth manifold with corners and E and F are locally convex spaces, then there is an isomorphism
Proof. The proof of [Glö02b, Lemma 3.4] carries over without changes.
Lemma IV.6. If M and N are finite-dimensional smooth manifolds with corners, E is locally convex and f : N → M is smooth, then the map
Proof. The proof of [Glö02b, Lemma 3.7] carries over without changes.
Lemma IV.7. If M is a finite-dimensional smooth manifold with corners and E is a locally convex space, then the map
Proof. The proof of [Glö02b, Lemma 3.8] carries over for n = 1, where [Glö02b, Lemma 3.7] has to be substituted by Lemma IV.7 and [Glö02b, Lemma 3.4] has to be substituted by Lemma IV.5. The assertion follows from an easy induction.
Lemma IV.8. If X is a Hausdorff space, E and F are locally convex spaces, U ⊆ E is open and f : X × U → F is continuous, then the mapping
is continuous.
Proof. Since the topology of compact convergence and the compact-open topology coincide on C(X, E) and C(X, F ) [Bou89a, Theorem X.3.4.2], this is [Glö02b, Lemma 3.9].
where i) holds by the induction hypothesis, ii) holds by the Fundamental Theorem of Calculus [Glö02a, Theorem 1.5] and iii) holds due to the differentiability of parameter-dependent Integrals (cf. [GN05] ). The derived
Corollary IV.11. If M is a compact smooth manifold with corners, E and F are locally convex spaces, U ⊆ E are open and f : U → F is smooth (respectively holomorphic), then the push forward f * : C ∞ (M, U ) → C ∞ (M, F ), γ → f • γ is a smooth (respectively holomorphic) map.
Proof. Definef : M × U → F , (x, v) → f (x) and apply Proposition IV.10.
Proposition IV.12. Let G be a group with a smooth manifold structure on U ⊆ G modelled on the locally convex space E. Furthermore assume that there exists V ⊆ U open such that e ∈ V , V V ⊆ U , V = V −1 and i) V × V → U , (g, h) → gh is smooth, ii) V → V , g → g −1 is smooth, iii) for all g ∈ G there exists an open unit neighbourhood W ⊆ U such that g −1 W g ⊆ U and the map W → U , h → g −1 hg is smooth.
Then there exists a unique smooth manifold structure on G such that V is an open submanifold of G which turns G into a Lie group.
Proof. The proof of [Bou89b, Proposition III.1.9.18] carries over without changes.
Theorem IV.13. Let M be a compact smooth manifold with corners, K be a Lie group and let ϕ : W → ϕ(W ) ⊆ k := L(K) be a chart of K around e with ϕ(e) = 0. Furthermore let ϕ * :
a) If M and K are smooth, then ϕ * induces a smooth manifold structure on C ∞ (M, K), turning it into a smooth Lie group w.r.t. pointwise operations. b) If M is smooth and K is complex, then ϕ * induces a complex manifold structure on C ∞ (M, K), turning it into a complex Lie group w.r.t. pointwise operations.
c) If M and K are complex, then the restriction of ϕ * to C ∞ (M, W ) induces a complex manifold structure on C ∞ (M, K), turning it into a complex Lie group w.r.t. pointwise operations, modelled on C ∞ (M, k).
Proof. Using Corollary IV.11 and Proposition IV.10, the proof of the smooth case in [Glö02b, Section 3.2] carries over to yield a). Since Proposition IV.10 also implies the holomorhpy of the group operations, b) is now immediate. Using the same argumentation as in a) we deduce c) since ϕ * maps C ∞ (M, W ) bijectively to C ∞ (M, ϕ(W )), which is open in C ∞ (M, k).
